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Introduction
This paper discusses a few of the problems which arise in use of 
missile bearing ships to defend the fleet against enemy air attack. The 
problem was suggested by Mr. A. E. Murray who is making a more general 
study in this area. See CSL Reports R-89 and R-95*
In order to defend the fleet with a minimum number of missile ships it 
is necessary to separate adjacent missile ships as much as possible under 
the restriction that the combined efforts of the two ships will guarantee 
a kill probability of a certain level for any bogey flying between them.
It seems that a reasonably high kill probability will result if the ships 
can guarantee the delivery of at least three missiles to the bogey.
We investigate the problem of firing the missiles sequentially with 
a time allowed between successive launchings for observation of the results 
of the previously fired missile. The effect of different observation times, 
missile speeds, etc. upon the separation of the ships is studied.
Straight Line Bogey Flight
In the first case it is assumed that the bogey will fly the straight 
line path most favorable to him. This path is tangential to the range 
circle of one ship and perpendicular to the line joining the two ships 
so that only one ship can fire at the bogey. The firing order assumed
is such that the first missile will be launched before the bogey reaches
J
the range circle and the missile will explode at the moment the bogey 
enters the range circle. A period of time elapses for observation then, 
if the bogey was not destroyed, the second missile is launched. After 
the second missile explodes the same time elapses for observation then, 
if the bogey was not destroyed, the third missile is launched. We 
require that the third missile shall explode at the moment the bogey 
leaves the range circle, which allows a maximum separation of the
C O N F I D E N T I A L
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ships. The results will shed some light on the question of whether one 
can afford the luxury of waiting for the results of one missile explosion 
before launching the next.
If the bogey flies through the common area of the two range circles 
a different firing order results since it is assumed that each ship will 
launch its first missile to explode when the bogey reaches the range circle 
for that ship. If the ships can fire three times when the bogey flies the 
tangential path they can also fire three times if he flies through the 
common area.
For the straight line bogey path we would like to answer the question: 
given the bogey speed, missile speed, missile range, and observation time, 
how far apart should the ships be placed? We assume that the missle speed 
is independent of range. This is not true but if one uses the average 
missile speed to the maximum range he will be on the safe side because 
speeds to shorter ranges are actually greater. We are not investigating
the third dimension of height in this paper.
The variables are defined as follows:
D = distance between ships
r = maximum range of missiles
V = missile speed m
Vb= bogey speed
T = observation time; i.e., time between the explosion of one 
missile and the launching of the next
C O N F I D E N T I A L
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k
Kk
= position of the bogey when missile i is launched 
E* = position of the bogey when missile i explodes
C O N F I D E N T I A L
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Eq. I
C O N F I D E N T I A L
Vfi = % L3 =  OTb
I2E2 " u
We note that while the bogey flies from 1^ to Eg the missile must move 
from Qg to i.e.,
t = t b m
u W
V, v  b m
mQb^  = -  u S cu 
b
Similarly for L^E^ we have
t, = t b m
L3E3 r
V, v m
L3E3
r _ r
V c m
We may now write an expression for distance "a”
a -  EgLj
■ a
2 2 rI r - e —c
2 2a ---- %/r - e + TV,c * b
•rC O N F I D E N T I A L
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Now we get another expression involving the same variables
Eq. II
/ 2 2|/ r - e = BjLg + u + a
I 2 2 __ eu\]r - e = TV, + —  b e + a
CVJ<M 1 1 2 201> 10+€11 |a + e + a
Substituting for a in Equation II we get
f~2 2 1 H r  l/S ' i >2 2 r I 2 2 ,
« r " e = c J*c " P  ’ e + OTb) + e  + c ' J r " e
Divide both sides by r and make the following substitution: 
Let y = §
2 TV,
- i - y
tv.
K =
F 1 ^ J < § - ^ F * ^ > 2 *<5>2 * P ,? CTk1 - (7 ) + 2— ^
h = J(| - h + K f + y2 + I - h +2K
Transposing and squaring both sides gives 
(2hc - 2Kc - l)2 = K  - 2^ + 1 + 25 - 2Kh + K2
C O N F I D E N T I A L
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Expanding the left and collecting terms gives a quadratic in h. 
(ifc2)h2 + (| + 2K -  k c  -8Kc2)h + (ifK^ c2 + 4Kc -  ^  -  2| -  K2 ) = 0
Solving for h we get
J. 2 ' ci - y = —(-i - K + 2c + kKc2) + L (K - 2Kc + ~) (K + 2Kc + J) + bc(c - K)be
The positive square root is taken because squaring both sides 
above introduced an extraneous root which is associated with the 
negative square root.
Beplacing y by adding 1 to both sides, and using D = e + r gives
Eq. Ill D = n - K - 1 +  I(k -2k c + +i)
This equation gives the answer to our question for if we are given
TV V
V,., V > r, and T we can find K = — - and c = —  then substitute K, c, and b m r
r into the equation to find D. To simplify this process one can use 
Appendix A which contains ^ to four significant figures for all combinations 
of K and c where K ranges from .00 to .52 in increments of .02 and c ranges 
from 1.0 to 5«2 in increments of .1. These ranges for K and c will cover 
most of the situations of interest.
Graphs 1 through 7 show the relation between the variables for a few 
cases. The units are not specified because any consistent set of units ^\\\ 
for example^ D may be taken in nautical miles if Vm and are in knots
C O N F I D E N T I A L
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t is in hours and r is in nautical miles; however, if t is in seconds then
V and V, must he in nautical miles per second. In graph 2, V, can hem h h
taken as miles per hour or knots. If miles per hour is chosen then r
should he taken as miles, V as miles per hour and D as miles. Of coursem
to use Appendix A one must convert these velocities to miles per second 
or knots per second.
Graph 1 shows that once the ratio of missile speed to bogey speed 
reaches about 1.5 not much advantage is gained hy further increasing the 
missile speed. This is particularly true for large K.
If we consider talos missiles which have about a 100 mile range 
and a speed of 2100 miles per hour and consider bogeys travelling at 
1200 miles per hour, graphs 2 through 6 show some interesting relations. 
Graphs 3 and 5 show that D varies almost linearly with V^, particularly 
for small t. Increasing t tends to change the slope and increase the 
curvature slightly; whereas graphs 2 and k show that D does not vary 
at all linearly with V so that increasing the missile speed from, say, 
1200 to 2000 increases D about 25 or 30 miles but further increasing
V does not yield much increase in D. m
Graph 6 and 7 show that for almost any missile range and bogey
speed D varies almost linearly with t. The slope changes quite a bit
however with V, • b
Curvilinear Bogey Flight
The next case which naturally arises is that of bogeys which fly 
any sort of path. It will be shown that D is not greatly decreased 
(about 2 to 9 per cent) when curvilinear flight is allowed.
C O N F I D E N T I A L
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We shall solve this for the case t = 0 only. It is readily seen that 
the "best path for the bogey to fly is one just outside the range of one 
ship. This means he is within the firing range of the other ship for the 
shortest length of time. This assumes that the bogey can fly a slight 
curve as fast as he can fly straight. As in the straight line case flying 
in the area common to the two range circles will not be to the bogey’s 
advantage.
We assume that the bogey fliaS along the circle with center at 0^ and 
that along this path only ship 2 can fire at him. As before three explos­
ions will occur, the first as the bogey enters the range circle for ship 
2, the last as he leaves and the middle at some point between these two. 
Tbe middle explosion will always occur above the line joining 0^ and 0^. 
The variables are defined exactly as before and the definitions of the 
new variables are obvious from the drawing.
C O N F I D E N T I A L
C O N F I D E N T I A L 98-13
Eq.l cos 9 = e + d
b = r©
_ 0 b e + dEq.2 cos — = ----r r
2d = r - e
1 1 
d = 2r - 2®
1 1
e + d = 2r + ;?e
C O N F I D E N T I A L
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Substituting into Eq. 2 gives
b 1 + IEq. 3 cos — = ---g---
Eq. 4 2b = s + a + b 
Eq. 5 c(a+b) = r
Substituting Eq. 5 into Eq. 4 gives
Eq. 6 b = cs + r 2c
Substituting Eq. 6 into Eq. 3 gives
1 + cs
Eq. 7 cos --- 1 + r
We next find cs as a function of r, e, c and replace cs by this 
function in Eq. 7 •
The law of cosines gives
Eq. 8 cs = Jr + (r + e) - 2r(r + e) cos 0
Eq.. 9 22 “ J l  + (1 + |)2 - 2(1 + 2 ) cos 0
|(r + e)
© = arccos ---------
C O N F I D E N T I A L
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r !<r + e)a = --- r arccos ---------c r
w a 1 r + ea = —  -----arccos -=----r r c 2r
_/ r + e 1 , / .  1 \ 1  U o C  /C\2cos 0 = COS -  + (sin -) ?  J5 - 2?  - (? )
Substituting into Eq. 9 gives
f  1  +  e n
1 + (1 + r) - 2( l + r )l 2 cos c + (sin c )
\J »
-  2 |  -  ( f  f  
•0
Substituting into Eq. 7 gives
Eq. 10
COS
in «)!13 - 2 %
Zc
0Eq. 10 has been solved for — by an iterative method on Illiac.
e Vm= 1 + —  has been tabulated as a function of c = =7- in Appendix B for r \  ^
values of c from 1 to 3«2 in increments of .05* For comparison purposes
the same tabulation is made for bogeys flying the tangential straight
line path. Graph 1 also displays this if one compares the K = 0 straight
C O N F I D E N T I A L
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line case with the dotted line curvilinear case. The difference is 
greatest when c = 1 and least when e = 5-2. A t c = l >~ for the curvilinear 
case is 9.02cr/o less than — for the straight line case. At c = 5*2 
it is 2. 1°^> less. This shows that assuming straight line paths for bogeys 
yields a D which is not very much in error. It is even less in error when 
the reduced speed is taken into account for curvilinear flight#
Summary
Since curvilinear bogey flight does not alter D very much the missile 
ships can be deployed according to the data for the straight line flight.
As an illustration suppose that the missile range is 100 miles, missile 
speed is 2100 miles per hour, observation time (to see if the bogey was 
destroyed by the previous missile) is 10 seconds, and the expected bogey 
speed is 1200 miles per hour. How far apart should the missile ships be 
placed?
First we get c = —  = = 1.75
vb
tvb 55o(1200>Second we get K = - ~  = ~  iqq----  = »0333
1w
1200 miles per hour to l/5 miles per second and 100 miles to 
miles per second.
Third get 2 by interpolation from the table in Appendix A.
For K = .02 and c = 1.75, § = I .838
For K = .0^  and c = 1.75, ~  = 1.326
For K = .0553 and c = 1.75, ^ = 1.850
C O N F I D E N T I A L
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Fourth 1.850 x 100 miles = 183 miles = Distance between ships.
Note that if no interpolation were used the answer would be about 
the same. Also, if an observation time of 20 seconds had been 
assumed D/r could have been read directly from the graph. In fact 
a crude but probably satisfactory interpolation for t = 10 seconds 
can be made from the graph.
C O N F I D E N T I A L
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Appendix A
C = 1.0 K =.00 2.2
D/r = 1.588 1.902
1.1 2.3
1.652 1.910
1.2 2.4
1.701 1.917
1.3 2.5
1.741 1-923
1.4 2.6
1.773 1-92 9
1.5 2.7
1.799 1*934
1 . 6  2 . 8
1.822 1.938
1-7 2.9
1.841 1.9^
1 . 8  3-0
1.857 1-946
1.9 3-1
I .870 1-9^9
2 .0  3-2
1.882 1.952
2.1
1-893
C O N F I D E N T I A L
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1.0
1.570
1.1
I .636
1.2
1.686
1.5
1.727
1.4 
1.760
1.5 
1.787
1 . 6  
1.810
1.7 
1.829
1 . 8  
1.846
1.9
1.860
2 .0
1.875
K = .02 2.1
1.885
2.2
1.895
2.5
1.901
2.4 
1.909
2.5 
1.915
2 .6
1.921
2.7 
1.926
2 .8
1.951
2.9
1.955
5.0
1.959
5-1
1.9^5
5.2
1.946
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1.0
1.551
K = .04 2.1
1.874
1.1
1.619
2.2
1.884
1.2
1.671
2.3
1.892
1.3
1.712
2.4
1.900
1.4
1.746
2.5
1.907
1.5
1.774
2.6
1.913
1.6
1.798
2.7
1.919
1.7
I .818
2.8
1.924
1.8
1.835
2.9I .928
1.9
1.850
3.0
1.932
2.0
1.863
3.1
1.936
- 3.21.939
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1.0 it • 0 On 2.1
1.532 • 1.864
1.1 2.2
1.602 1.874
1.2 2.3
1.655 1.883
1.3 2.4I .698 I .891
1.4 2.5
1.752 I .898
1.5 2.6
I .761 1.905
1.6 2.7
1.786 1.910
1.7 2.8
1.806 1.916
1.8 2.9
1.824 1.920
1.9 3.0
1.839 1.925
2.0 3.1
1.852 1.929
3.2
1.932
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1.0
1.512
K = .08 2.1
1.853
1.1
1.584
2.2
1.864
1.2
1.659
2.3
1.873
1.5
1.682
2.4
1.882
1.4
1.718
2.5
1.889
1.5.
1.748
2.6
I .896
1.6.
1.773
2.7
1.902
1.7
1.794
2.8
1.907
1.8
1.812
2.9
1.912
1.9
1.828
5.0
1.917
2.0
1.841
3.1
1.921
3.2
1.925
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1.0 K = .10 2.1
1.1*91 1.81*2
i.i 2.2
1.565 1.853
1.2 2.3
1.622 I .863
1.3 2.1*
1.667 1.872
1.1* 2.5
1.703 1.879
1.5 2.6
1.731* 1.886
1.6 2.7
1.759 1.893
1.7 2.8
1.781 1.898
1.8 2.9
1.800 1.901*
1.9 3.0I .816 1.908
2.0 3.1
1.830 1.913
3.2
1.917
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1.0
1.469
K = .12 2.1
1.831
1.1
1.546
2.2
1.81*2
1.2
1.6o4
2.3
1.852
1.3
1.650
2.4
1.861
1.4
1.688
2.5I .869
1.5
1.719
2.6
1.877
1.6
1.745
2.7
1.885
1.7
1.768
2.8
I .889
1.8
1.787
2.9
1.895
1.9l.8o4
3.0
1.900
2.0
1.818 •
3.1
1.904
3.2
I .908
r C O N F I D E N T I A L
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1.0
1.447
K = .14 2.1
1.819
l.l
1.526
2.2
1.831
1.2
1.586
2.3
1.84l
1.3
1.633
2.4
1.851
1.4
1.672
2.5
1.859
1.5
1.704
2.6
1.867
1.6
1.731
2.7
1.873
1.7
1.754
2.8
1.880
1.8
1.774
2.9
1.885
1.9
1.791
3.0
I .890
2.0
1.806
3.1
1.895
3.2
1.900
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1.0 K = ..16 2.1
1.1*22 1.807
1.1 2.2
1.506 1.819
1.2 2.3
1.567 1.830
1.3 2.1*-
1.6l6 1.839
1.1* 2.5
1.656 1.81*8
1.5 2.6
1.688 I .856
1.6 V 2.7
1.716 I .863
1.7 2.8
1.71*0 1.870
1.8 2 »9
1.760 1.875
1.9 3.0
1.778 1.881
2.0 3.1
1.793 1.886
3.2
1.890
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1.0
1.397
K = .18 2.1
1.79^
1.1
l.kQk
2.2
1.807
1.2
1.5W
2.3
1.8l8
1.3
1.598
2.k
1.828
l.fc
1.639
2.5
1.837
1.5
1.672
2.6
1.81*5
1.6
1.701
2.7
1.852
1.7
1.725
2.8
1.859
1.8
1.7^6 2.9I .865
1.9
1.76^
3.0
1.871
2.0
1.780
3.1
1.876
3.2
1.881
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1.0 K = .20 2.1
1.370 1.781
1.1 2.2
1.461 1.79^
1.2 2.3
1.528 1.805
1.3 2.4
1.579 1.8l6
1.4 2.5
1.621 1.825
1.5 2.6I .656 1.833
1.6 2.7
1.685 1.841
1.7 2.8
1.710 1.848
1.8 2.9
1.731 1.854
1.9 3.0
1.750 1.860
2.0 3.1
1.767 1.865
3.2
1.870
C O N F I D E N T I A L
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1.0 K = .22 2.1
i.34o 1.767
l.i 2.2
1.438 1.781
1.2 2.3
1.507 1.792
1.3 2.4
1.560 1.803
1.4 2.5
1.603 1.813
1.5 2.6
1.638 1.821
1.6 2.7
1.668 1.829
1.7 2.8
1.694 I .836
1.8 2.9
1.716 1.843
1.9 3.0
1.735 1.849
2.0 3.1
1.752 1.855
3.2
I .860
C O N F I D E N T I A L
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1.0
1.308
K = .24 2.1
1.753
1.1
1.412
2.2
1.767
1.2
1.484
2.3
1.779
1.3
1.540
2.4
1.790
1.4
1.584
2.5
1.800
1.5
1.621
2.6
1.809
1.6
1.651
2.7
1.817
H 
H 
• 
.
—•3 00
2.8
1.824
1.8
1.700
2.9
1.831
1.9
1.720
3.0
1.838
2.0
1.738
3.1
1.843
3.2
1.849
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1.0
1.275
K = .26 2.1
1.758
1.1
1.586
2.2
1.752
1.2
l.46l
2.5
1.765
1.5
1.519
2.4
1.776
1.4
1.564
2.5
1.787
1.5
1.602
2.6
1.796
1.6
1.654
2.71.804
1.7I .661
2.8
1.812
1.8
1.684
2.9
1.819
1.9
1.705
5.0
1.826
2.0
1.722
5.1
1.852
i:§37
C O N F I D E N T I A L
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1.0 K = .50 
1.183
1.1
1.326
1.2
l A n
1.5
i.klk
i.k
1.523
1.5 
1.563
1.6 
1.596
1.7 
1.625
1.8 
1.650
1.9 
1.671
2.0
1.690
2.1 
1.707
2.2 
1.722
2.3 
1.755
2.4 
i.7^7
2.5 
1.758
2.6 
1.768
2.7
1.777
2.8 
1.785
2.9
1.795
5.0 
1.800
5.1
1.806
3.2 
1.812
C O N F I D E N T I A L
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1.0
1.116
K = .32 2.1
I .690
1.1
1.292
2.2
1.706
1.2
1.384
2.3
1.720
1.3
1.450
2.4
1.732
1.4
1.500
2.5
1.743
1.51.542
2.6
1.753
1.6
1.577
2.7
1.763
1.7
1.606
2.8
1.771
1.8
1.651
2.9
1.779
1.9
1.654
3.0
1.786
2.0
1.675
3.1
1.793
3.2
1.799
3
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Appendix B —  (Straight Line Flight)
Vm D Vm D
Vb R Vb R
1.00 1.588 2.05 1.888
1.05 1.622 2.10 1.895
1.10 1.652 2.15 1.897
1.15 I .678 2.20 1.902
1.20 1.701 2.25 1.906
1.25 1.722 2.30 1.910
1.30 1.7*1 2.35 1.913
1.35 1.758 2.40 1.917
1.40 1.775 2.45 1.920
1.45 1.787 2.50 1.923
1.50 1.799 2.55 1.926
1.55 1.811 2.60 1.929
1.60 1.822 2.65 1.931
1.65 1.832 2.70 1.934
1.70 1.841 2.75 1.936
1.75 1.849 2,80 1.938
1.80 1.857 2.85 1.940
1.85 1.864 2.90 1.942
1.90 1.870 2.95 1.944
1.95 1.877 3.00 1.946
2.00 1.882 3.10 1.9^ 9
3.20 1.952
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98-Mi- C O N F I D E N T I A L
Curvilinear Flight
vm D Vm D
R Vb R
1.00 1.Mi-5 2.05 1.808
1.05 l.l*8l 2.10 1.8l6
1.10 1.513 2.15 1.825
1.15 1.5*3 2.20 1.829
1.20 1.569 2.25 1.856
1.25 1.593 2.50 1.81*2
1.50 1.615 2.35 1.81*7
1.35 1.635 2.1*0 1.855
l.ho 1.651* 2.1*5 1.858
1.1*5 1.671 2.50 1.865
1.50 1.688 2.55 1.867
1.55 1.702 2.60 1.872
1.60 1.716 2.65 1.876
1.65 1.729 0
t--♦CJ 1.880
1.70 1.71*1 2.75 1.881*
1.75 1.753 2.3Q I .887
1.80 1.7 61* 2.85 1.891
1.85 1.771* 2.90 I.89I*
I .90 1.783 2.95 1.897
1.95 1.792 3.00 1.900
2.00 1.800 3.10 1.906
3.20 1.911
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